We give the explicit multiplication law of the Lie supergroups for which the base manifold is a 3-dimensional Lie group and whose underlying Lie superalgebra g g 0 ⊕ g 1 which satisfies g 1 g 0 , g 0 acts on g 1 via the adjoint representation and g 0 has a 2-dimensional derived ideal.
Introduction
A possible notion of superspace associated to a given 3-dimensional Lie algebra g 0 might be a Lie superalgebra g g 0 ⊕ g 1 . If one is to introduce a minimal set of assumptions, it seems quite natural to consider those superalgebras for which g 1 g 0 and for which the g 0 action on g 1 is the adjoint representation. A complete classification of the real and complex 3, 3 -dimensional Lie superalgebras having precisely this restriction was recently obtained in 1 . The classification was given in terms of the dimension of the derived ideal g 0 g 0 , g 0 . The most trivial case was that corresponding to dim g 0 3 whereas the most difficult case was that of dim g 0 0. Our aim in this paper is to explicitly produce the real and complex Lie supergroups associated to the Lie superalgebras classified in 1 having a 2-dimensional derived ideal. This is just one step forward in our understanding of the real and complex 3, 3 -dimensional Lie supergroups.
In order to maintain our exposition as self-contained as possible, we will summarize the basic statements from 1 . Once we fix the adjoint representation, it is well known see 1, 2 that there are as many Lie superalgebras as bilinear symmetric maps Γ : g 0 × g 0 → g 0 satisfying Γ x, y , z Γ y, x, z x, Γ y, z . 1.1 Table 1 : Full set of representatives of the isomorphism classes of the 3-dimensional Lie algebras g 0 that have 2-dimensional derived ideal. The classes were obtained from the canonical form of the 2 × 2 invertible matrix A. In the first two cases, the field F can be either R or C.
Furthermore, the isomorphism class of the Lie superalgebra defined by such a given Γ is completely determined by its orbit under the action of the group G ⊂ Aut g 0 × GL g 0 of pairs
Now, let F be either the real or the complex number field, and let g 0 be a fixed 3-dimensional Lie algebra over F. Let {e 1 , e 2 , e 3 } be a basis for g 0 , and let Sym ad g 0 be the real or complex vector space of symmetric, bilinear maps Γ : g 0 × g 0 → g 0 satisfying 1. and, since dim g 0 2, then A must be an invertible matrix. Now, the classification up to isomorphism of the Lie algebras g 0 having dim g 0 2 can be written as in Table 1 , where we followed the notation introduced in 1 .
It is easy to see that the matrices of ad e i take the forms
where δ 1 1 0 and δ 2 0 1 . It is well known that the associated Lie groups for the Lie algebras we are dealing with here are the so-called unimodular groups E 2 and E 1, 1 for q 1 F and q −1 F , respectively, and for the other Lie algebras, the associated Lie groups are called nonunimodular see 6 . We shall denote by G 0 A any of those Lie groups.
It was proved in 1 that when A is invertible, any triple
, v e i satisfies 1.1 , is given, up to isomorphism, by where p is an arbitrary element of the ground field F for the three classes p F , q λ F , and q 1 λ R , with no relation between the parameters p and λ.
What we do in this paper is to describe explicitly all the Lie supergroups whose underlying 3-dimensional Lie group is G 0 A and having as Lie superalgebras of left-invariant supervector fields the Lie superalgebras given by the triple Γ 1 , Γ 2 , Γ 3 above. The method is the one given in 7 and is essentially the one used in Lie's classical theory, that is, we give first a faithful representation of the Lie superalgebra into the Lie superalgebra of vector fields of some supermanifold, and obtain the local coordinate version of the supergroup multiplication law through composition of their integral flows depending on the integration parameters see 7 .
In more detail, we aim to describe the multiplication law in terms of
The point of giving such an explicit expression is to actually see the way odd coordinates are combined, within the supergroup composition law, to produce even sections. It was this interaction between even and odd coordinates what apparently had some physical and geometrical ideas that were worth studying but there are only a few explicit examples in the literature; some of them are incomplete, and some are relatively trivial.
Once we obtain the multiplication law for the different Lie supergroups, we give in Proposition 3.2 the supermorphisms that define the Lie supergroups within the spirit of 7, 8 . Finally, in Proposition 3.3 we compute the left-invariant supervector fields associated to the Lie supergroups we have built, bringing us back to the Lie superalgebras we started with. where β r , r ∈ F, u r , v r , x r , y r ∈ F 2 and B r and C r are 2 × 2 matrices. From the definition of ρ e i , it is straightforward to check that {ρ e i } defines a Lie algebra isomorphic to that described in 1.3 .
Lie superalgebra representations

Let us write
In order to have g 0 acting on g 1 via the adjoint representation, we must have
but ρ e i , ρ f j
, so we obtain
whereand 1 is the 2 × 2 identity matrix. Now, we have to satisfy the condition ρ f i , ρ f j
i . Then, The choices we have made in the proof of Proposition 2.1 produce easier exponential matrices see Theorem 3.1 below . Since the representation ρ is to be faithful, different choices made in the proof would have produced Lie superalgebras isomorphic to g inside gl V . Therefore, the corresponding supergroups obtained via the constructive method used in Theorem 3.1 would have been isomorphic at the end. This is so because Lie's theory looks for faithfully realizing g in terms of vector fields whose integral flows will eventually define the supergroup multiplication law via composition of local diffeomorphisms.
Lie supergroups for which A is invertible
Once we have the different Lie superalgebras represented in gl V for some 3,3 -dimensional supervector space V , we proceed to find a supermanifold that actually carries a Lie supergroup structure following essentially the same steps followed in the classical theory of Lie. In fact, we can always obtain explicitly a Lie group structure for G 0 A from its Lie algebra g 0 , where Lie G 0 A g 0 . So, let us write s, v as the local coordinates described in the introduction. International Journal of Mathematics and Mathematical Sciences that is, we have to solve P Q −R P P Q −R P P Q −R P P P − Q R P Q Q P − R P P R P P − R Q .
3.4
From P P P − Q R, we obtain 3.5
and from R R P P R, we obtain
